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Multi-Order Stress Intensity
Factors Along Three-Dimensional
Interface Corners
Usually in the study of singularity problems, only the most critical singular order is
considered. For three-dimensional interface corner problems, if only the most critical
singular order of stresses is considered, it is possible to lose the opportunity to compute
the full modes of stress intensity factors. To fully understand the failure behavior of
three-dimensional interface corners, a definition of the stress intensity factors for the
lower singular orders is proposed in this paper based on that of the most critical singular
order. Moreover, to compute the proposed multi-order stress intensity factors accurately
and efficiently, a path-independent H-integral, which has been proven useful for the
two-dimensional interface corners, is now modified into a domain-independent
H-integral for the three-dimensional interface corner problems. Because the stress inten-
sity factors characterize the fracture behavior focused on an arbitrary tip along the
corner front, based on anisotropic elasticity the near tip solutions and complementary
solutions of two-dimensional generalized plane strain problems are introduced and then
utilized for computation of three-dimensional H-integral. To illustrate the validity of the
present work, several three-dimensional numerical examples are analyzed and compared
with the existing published solutions. Finally, two examples about the interface corners,
which occur frequently in electric packages, are solved to show the feasibility and prac-
ticability of the proposed approach. �DOI: 10.1115/1.4000411�

Keywords: stress intensity factors, three-dimensional interface corner, domain-
independent H-integral
Introduction
The evaluation of the stress intensity factors for interface cor-

ers is required in many different engineering branches in which
he most representative one is electronic packaging. The natural
hree-dimensional properties �e.g., geometries, loadings, and
oundary conditions� cannot be avoided when analyzing a case
ealistically. Interface corners appearing in most engineering prod-
cts may be formed by two or more dissimilar media especially in
lectronic devices �e.g., the corner placed in the solder ball, con-
uctive cooper, and printed wired board shown in the region
ircled within the dash line of Fig. 1�. A commonly used fracture
arameter, stress intensity factors �SIFs�, is treated as the assess-
ent of the fracture behavior for interface corner in this paper.
Based on the authors’ recent studies, it is found that several

ombinations of interface corners possess more than one singular
rder of stresses and the most critical one may be associated with
ne, two, or three modes of stress intensity factors. Therefore, if
nly the most critical singular order of stress is taken into account,
t is possible to lose the opportunity to compute all three modes of
tress intensity factors. Recently, Hwu and Kuo �1� presented a
nified definition for SIFs of interface corners and cracks. This
nified definition is merely correspondent to the most critical sin-
ular order of stresses. To deal with the case in which the most
ritical singular order is not associated with every mode of SIFs, a
efinition of the SIFs for the lower singular order is proposed in
his paper. This extended definition can help us fully understand
he failure behavior of interface corners.

In order to compute the SIFs stably and effectively, several
ifferent path-independent integrals, such as J-integral �2�,
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L-integral �3�, M-integral �4�, and H-integral �5� were proposed in
literature to avoid the complexity of stresses around the crack/
corner tip. Because the mixed-mode characteristics and the avail-
ability of the near tip and complementary solutions of interface
corners, in this paper we adopt the H-integral to compute SIFs for
three-dimensional interface corners. Even if the H-integral was
proposed around 35 years ago, most of them were employed to
deal with two-dimensional problems such as �6,7� for 2D cracks
or corners in homogeneous materials and �1,8–13� for 2D inter-
face cracks or corners between two dissimilar materials. For three-
dimensional problems, Meda et al. �14� and Ortiz et al. �15� con-
sidered the applications to 3D cracks and solve different modes of
stress intensity factors by different H-integral. In this paper, a new
domain-independent H-integral is proposed to deal with all crack/
corner problems and all modes of stress intensity factors can be
determined simultaneously through one H-integral.

When employing H-integral to compute the stress intensity fac-
tors, the near tip solutions and their associated complementary
solutions for the considered crack/corner problems are needed.
Although no analytical near tip solutions have been obtained for
the general three-dimensional crack/corner problems, in this paper
the near tip solutions obtained for the generalized plane stress and
generalized plane strain multiwedge problems �16,17� have been
proven to be useful for the present 3D crack/corner problems. The
reasons for this successful application are �1� along the 3D crack/
corner front each point can be treated as a tip of 2D crack/corner,
which can be considered to be in generalized plane stress condi-
tion for cracks in the outer portion and in generalized plane strain
condition for cracks in the inner portion and �2� besides the typi-
cal 2D stress/strain components, the additional third directional
stress/strain components such as �13, �23 and �13, �23 are all avail-
able in the solutions obtained by employing Stroh formalism for

two-dimensional anisotropic elasticity �18�.

MAY 2010, Vol. 77 / 031020-110 by ASME

 license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



c
n
t
l
f
i
a
p

2
l

a
s
s
t

w

I
l
v
s
d
t
t
d
a
o
r
d
a

fi
t
a
t
d
d
t
v
f
f
p
�

b

0

Downlo
Several benchmark numerical examples, such as an elliptical
rack, a through-thickness edge crack, or a through-thickness edge
otch in a homogeneous isotropic material subjected to remote
ension, and a penny-shaped interface crack between two dissimi-
ar isotropic materials subjected to remote tension, are analyzed
or the purpose of comparison. Finally, two examples about the
nterface corners, which appear frequently in electronic packages,
re analyzed to show the feasibility and practicability of the pro-
osed approach.

Stress Intensity Factors for the Most Critical Singu-
ar Order

If only the most critical singular order of stresses is considered
nd the possibility of logarithmic singularity is disregarded, by
uperimposing all the eigenfunctions with the same real part of
ingular orders, without loss of generality the near tip solutions of
wo-dimensional interface corners can be expressed as �19�

u�r,�� = r1−�RV����ri���c, ��r,�� = r1−�R�����ri���c
�2.1a�

here

V��� = ��1����2����3����, ���� = ��1����2����3����
�2.1b�

n the above expressions, �r ,�� is the polar coordinate with origin
ocated on the tip of interface corner; u and � are two 3�1
ectors containing the displacements ui in xi-directions and the
tress functions �i, i=1,2 ,3; the angular bracket � � stands for a
iagonal matrix in which each component is varied according to
he subscript �, e.g., �z��=diag�z1 ,z2 ,z3�; �R and ��, �=1,2 ,3 are
he real part and imaginary part of the most critical singular or-
ers; c is a 3�1 coefficient vector; ����� and �����, �=1,2 ,3,
re the eigenfunctions associated with r1−�R+i�� whose singular
rders are �R− i��. These eigenfunctions are related to the mate-
ial properties and corner angles of the interface corners, whose
etailed expressions can be found in Ref. �1� for multimaterial
nisotropic wedges and in Ref. �19� for piezoelectric multiwedges.

Note that in Eq. �2.1�, c is a coefficient vector containing coef-
cients c1, c2, and c3, which denote the intensities of stresses in

he directions of �1, �2, and �3, respectively, and hence are usu-
lly treated as the stress intensity factors in literature. However,
he directions of �1, �2, and �3 may not be compatible with the
irections of interest such as the directions parallel and perpen-
icular with the crack surface and hence c1, c2, and c3 are some-
imes different from the stress intensity factors defined in the con-
entional fracture mechanics. To build a bridge connecting the
ailure phenomenon of cracks, interface cracks, corners, and inter-
ace corners, a unified definition of stress intensity factor was
roposed in our recent study �1� and will be stated later on in Eq.
2.3�.

The stress functions �i are related to the stress components �ij

Fig. 1 Possible locations of the in
device
y
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�i1 = − �i,2, �i2 = �i,1 in rectangular coordinate system

�2.2a�

or

��� = nT�,r, �rr = − sT�,�/r, �r� = sT�,r = − nT�,�/r

��3 = i3
T�,r, �r3 = − i3

T�,�/r in polar coordinate system

�2.2b�

where the subscript comma stands for differentiation and the su-
perscript T denotes the transpose of a matrix or a vector and

sT = �cos �,sin �,0�, nT = �− sin �,cos �,0�, i3
T = �0,0,1�

�2.2c�
With the near tip solutions given in Eq. �2.1�, a proper defini-

tion for the stress intensity factors associated with the most critical
singular order has been proposed by Hwu and Kuo �1� as

�KII

KI

KIII
� = lim

r→0

�=0

	2�r�R���r/��−i����−1��r�

���

�3�

� �2.3a�

or in matrix form

k = lim
r→0

	2�r�R���r/��−i����−1�,r�r,0� �2.3b�

In this definition, � is a reference length used to smooth the physi-
cal unit of the stress intensity factors associated with the complex
singular orders and the superscript 	1 denotes the inverse of a
matrix and

� = ��0� = ��1�2�3� �2.4�

The relation between the coefficient vector c and the stress inten-
sity factor k is then found to be

k = 	2����1 − �R + i����i���c �2.5�

Using the relation, Eq. �2.5�, the near tip solutions shown in Eq.
�2.1� can now be rewritten in terms of the stress intensity factors
k �19�as

u�r,�� =
1

	2�
r1−�RV�����1 − �R + i���−1�r/��i����−1k

��r,�� =
1

	2�
r1−�R������1 − �R + i���−1�r/��i����−1k �2.6�

By substituting Eq. �2.6� into Eq. �2.2b�, we can get the near tip

ace corners appeared in electronic
terf
stresses in polar coordinate system as
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��r�

���

��3
� = �����,r�r,�� =

1
	2�

r−�R����������r/��i����−1k

�2.7a�

here

���� = 
 cos � sin � 0

− sin � cos � 0

0 0 1
� �2.7b�

Note that the near tip solutions shown above are not only valid
or the interface corners between two dissimilar anisotropic mate-
ials but also valid for those among with more than two materials.
he most critical singular order may be one real simple root, one

eal double root with two independent eigenfunctions, one real
riple root with three independent eigenfunctions, a pair of com-
lex conjugate roots, or a combination of one real simple root and
pair of complex conjugate roots, etc., �1�. In other words, there

re some cases where only one or two coefficients exist for the
ost critical singular order �. For example, c1�0, �1=0, c2=c3
0 if � is a real and simple root; c1 ,c2�0, �1=�2=0, c3=0 if � is
real and double root; and c2= c̄1, �2=−�1, c3=0 if � is a complex

nd simple root. In these cases, the missing eigenfunctions can be
elected to be the one orthogonal with the existing one or simply
aken to be zero. If they are taken to be zero, some of the matrices
omposed of them such as V��� and ���� will contain one or two
ero columns and become singular and hence their inverse will
ot exist in the common mathematical operation. With this under-
tanding, if the inversion of such matrix is required, inverse it
nly in its submatrix to avoid the problem of missing eigenfunc-
ions. For example,


a 0 0

0 0 0

0 0 0
�

−1

= 
a−1 0 0

0 0 0

0 0 0
�, 
a b 0

c d 0

0 0 0
�

−1

=
1



 d − b 0

− c a 0

0 0 0
�, 
 = ad − bc, . . . ,etc.

Furthermore, sometimes it is not necessary to perform the in-
ersion if the matrix can be multiplied by its own inverse, e.g.,
��r /��−i����−1=I when �1=�2=�3=0.
Based on the definition given in Eq. �2.3� and the explanation

Fig. 2 Special wedges yielding onl
single wedge made up of specially
material axes are aligned with the na
posed of two unidirectional fiber-re
are the same but fiber orientations a
f the inverse operation, it is found that several combinations of

ournal of Applied Mechanics
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interface corners will not possess full modes of stress intensity
factors. The following are some examples, which have only one or
two modes of stress intensity factors.

Example 1. Special wedges yielding only mode I stress intensity
factor.

Since it is difficult to prove analytically which kind of wedge
combinations will yield only one or two modes stress intensity
factors for the most critical singular order, the observation is made
through several different numerical calculations. When a single
wedge is made up of specially orthotropic materials whose prin-
cipal material axes are aligned with the nature body axes of the
problem such as Fig. 2�a� with �=0 deg or 90 deg and �
�0 deg, it is found that many zero components occur in the
matrix �, which will lead two stress functions at �=0 and two
stress intensity factors vanish. Their detailed zeros are as follows:

� = ��0� = 
0 0 0

� 0 0

0 0 0
�, ��r,0� = �0

�

0
�, k = �0

�

0
� �2.8�

in which the symbol � denotes nonzero values.
The same situation as that of Eq. �2.8� occurs for a biwedge

composed of two unidirectional fiber-reinforced composites
whose properties are the same but the fiber orientations are oppo-
site with respect to x1-axis such as that shown in Fig. 2�b� with
��0 deg. The most critical singular order � of each case dis-
cussed in this example is a real simple root and the inversion of �
in Eq. �2.8� is not necessary to be performed.

Example 2. Special wedges yielding only modes I and II stress
intensity factors.

When a single wedge is made up of generally orthotropic ma-
terials whose principal material axes are not aligned with the na-
ture body axes of the problem such as Fig. 3�a� with ��0 deg or
90 deg and ��0 deg or a biwedge composed of two dissimilar
orthotropic materials such as Fig. 3�b� and 3�c� with ��0 deg,
their most critical singular order � may be a real simple root or
two simple complex conjugate roots. Hence

� = ��0� = 
� 0 0

� 0 0 �, if � is a real simple root

ode I stress intensity factor: „a… a
hotropic materials whose principal
e body axes and „b… a biwedge com-
rced composites whose properties
opposite with respect to x1-axis
y m
ort
tur
info
0 0 0
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� = ��0� = 
� � 0

� � 0

0 0 0
� if � are two complex conjugate roots

�2.9a�

nd their ��r ,0� and k will become

��r,0� = ��

�

0
�, k = ��

�

0
� �2.9b�

herefore, for the present example mode III stress intensity factor
ill be lost when we merely concern the most critical singular
rder. It should be mentioned that the inversion of � in Eq. �2.9a�
s not necessary to be performed when � is a real simple root.

Stress Intensity Factors for the Lower Singular Or-
ers
From the examples shown in Sec. 2, we see that if only the
ost critical singular order of stresses is considered, certain
odes of stress intensity factors will vanish. However in practical

pplications, the lost of certain modes of stress intensity factors
oes not mean that it will not fracture by that mode since the
tresses associated with the next critical singular order may domi-
ate the failure behavior. With this understanding, sometimes it is
ecessary to compute the stress intensity factors for the lower
ingular orders. To provide a proper definition for the stress inten-
ity factors associated with the lower singular orders, the near tip
olutions shown in Eq. �2.6� should be extended to include all the
ossible singular orders, i.e.,

Fig. 3 Special wedges yielding only
„a… a single wedge made up of gene
cipal material axes are not aligned w
composed of two dissimilar orthotro
posed of two dissimilar shaped wed
u�r,�� = u1�r,�� + u2�r,�� + u3�r,�� + ¯
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��r,�� = �1�r,�� + �2�r,�� + �3�r,�� + ¯ �3.1�

where u1 and �1 are the displacement and stress function vectors
associated with the most critical singular order, which are shown
in Eq. �2.1� or Eq. �2.6�, and u2, �2 and u3, �3 are the displace-
ment and stress function vectors associated with the next two
critical singular orders, which may be expressed as

u j�r,�� =
1

	2�
r1−�R

�j�
V j�����1 − �R

�j� + i��
�j��−1�r/��i��

�j�
�� j

−1k j

� j�r,�� =
1

	2�
r1−�R

�j�
� j�����1 − �R

�j� + i��
�j��−1�r/��i��

�j�
�� j

−1k j,

j = 2,3, . . . �3.2�

The subscript j or the superscript �j� denotes the value associated
with the jth critical singular order. By the way, similar to k, the
stress intensity factors k j, j=2,3 , . . . associated with the jth criti-
cal singular order can be defined as

k j = lim
r→0

	2�r�R
�j�

� j��r/��−i��
�j�

�� j
−1��,r�r,0� − 


i=1

j−1

�i,r�r,0��,

j = 2,3, . . . �3.3�

4 Domain-Independent H-Integral for 3D Interface
Corners

The same as the 2D interface corner problems in order to avoid
the singular and possibly oscillatory behaviors of near corner tip
stresses, the most appropriate approach to calculate the stress in-
tensity factors proposed in Eqs. �2.3� and �3.3� is via the path-
independent integral. In our recent work �1�, we derived a path-

des I and II stress intensity factors:
y orthotropic materials whose prin-
the nature body axes, „b… a biwedge

materials, and „c… a biwedge com-
mo
rall
ith
pic
independent H-integral to compute the stress intensity factors for
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D interface corner problems. Here, we like to extend our work to
erive a three-dimensional version of H-integral to deal with 3D
nterface corner problems.

In the absence of body forces, the reciprocal theorem of Betti
nd Rayleigh �20� can be expressed as

�
S

��̂ijui − �ijûi�njdS = 0, i, j = 1,2,3 �4.1�

here nj is the surface normal, �ij and ui are the stresses and
isplacements of the actual system, respectively, while �̂ij and ûi
re those of the complementary system. S is any closed surface
ontour surrounding the corner front, which is selected to be S
So+Sc+Sl �Fig. 4�. So is a region on the plane x3=0 bounded by
�, C1, C2, and CR� with an outward unit normal vector n
�0,0 ,−1�; Sl is a region on the plane x3= l bounded by the con-

ours similar to C�, C1, C2, and CR� with an outward unit normal
ector n= �0,0 ,1�; Sc=S�+S1+SR�+S2 in which S�, SR�, S1, and

2 are, respectively, curved boundary surfaces extended by C�,
R�, C1, and C2 from x3=0 to x3= l. If we reverse the integration
irection of SR� and denote it by SR to conform with that of S�,
.e., both of these two surface integrals are integrated from x3=0
o x3= l and from the lower flank ��=�0� to the upper flank ��
�n�, the outward unit normal vectors of SR and S� will then be
enoted by �n1 ,n2 ,0� and �−n1 ,−n2 ,0�.

With S=So+Sc+Sl, Sc=S�+S1+SR+S2, the normal directions
tated above and the traction-free condition on surfaces S1 and S2,
q. �4.1� can now lead to

�
S�

��̂ijui − �ijûi�njdS =�
SR

��̂ijui − �ijûi�njdS

+�
Sl−So

��̂i3ui − �i3ûi�dS �4.2�

eplacing dS by ldC for S� and SR, dividing l on both sides of Eq.

ig. 4 Representative cornered body and illustrations of the
onstitutive surface and contours
4.2� and taking limit of l to zero, we get

ournal of Applied Mechanics
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�
C�

��̂ijui − �ijûi�njdC =�
CR

��̂ijui − �ijûi�njdC

+�
So

��̂i3,3ui + �̂i3ui,3 − �i3,3ûi

− �i3ûi,3�dS �4.3�

With the relations So=So
R−So

� and �ijnj = ti in which ti stands for
surface traction, Eq. �4.3� can be rewritten as

�
C�

�uit̂i − ûiti�dC +�
So

�

��̂i3,3ui + �̂i3ui,3 − �i3,3ûi − �i3ûi,3�dS

=�
CR

�uit̂i − ûiti�dC +�
So

R
��̂i3,3ui + �̂i3ui,3 − �i3,3ûi − �i3ûi,3�dS

�4.4�

which means that the following H-integral is domain-independent

H =�



�uTt̂ − ûTt�dC +�
S


��̂i3,3ui + �̂i3ui,3 − �i3,3ûi − �i3ûi,3�dS

�4.5�

In Eq. �4.5�, 
 is the path emanating from �0 and terminating on
�n in counterclockwise direction and S
 is the region enclosed by
the path 
 and the two free edges of interface corners. Equation
�4.5� is the three-dimensional version of H-integral for interface
corner problems. Although similar formula of Eq. �4.5� has been
derived in literature �14�, their H-integral was decoupled into
three expressions according to the mode of the employed comple-
mentary solutions and was applied to the crack problems only.
Here, the domain-independent H-integral, Eq. �4.5�, can be ap-
plied to any crack/corner and interface crack/corner problems and
to solve any mode of stress intensity factors with the near tip
solution given in Eq. �2.1� or Eq. �2.6� or in Eqs. �3.1� and �3.2�.

In order to use the domain-independent property of H-integral
to calculate the stress intensity factors, like the 2D interface cor-
ner problems �1� we first shrink the inner path C� into the region
dominated by the singular field and make a judicious choice for
the integral path �a circular counterclockwise path� and the
complementary solution �a near tip solution associated with the
singular order −�1−�R+ i����. Along the circular path, the traction
t=�,� /r, dC=rd�, and dS=rd�dr so Eq. �4.5� becomes

H =�
�0

�n

�uT�̂,� − ûT�,��d�

+�
0

r�
�0

�n

��̂i3,3ui + �̂i3ui,3 − �i3,3ûi − �i3ûi,3�rd�dr

�4.6�
By substituting the near tip solution, Eq. �2.1�, and its associ-

ated complementary solution into Eq. �4.6�, we get

H = ĉTH�c �4.7a�

where

H� =�
�0

�n

��̂�T���V��� − V̂T���������d� �4.7b�

Note that in Eq. �4.7� no contribution from the second term of Eq.
�4.6� has been made since the near tip solution and its associated
complementary solution employed in Eq. �4.6� are those for two-
dimensional problems whose differentiation with respect to x3 is
equal to zero. Moreover, the terms related to the complex singular

−i�� i��
orders such as �r � and �r � premultiplying and postmultiply-

MAY 2010, Vol. 77 / 031020-5
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ng H� are deleted since H� is a diagonal matrix in those cases
detailed discussions for five different cases have been provided in
ef. �1��.
If Hi, i=1,2 ,3 denote the value of H with ĉi=1 and ĉj =0, j
i, a system of simultaneous algebraic equations with unknown

i, i=1,2 ,3 can be constructed from Eq. �4.7a� and be solved as

c = H�−1h �4.8a�
here

h = �H1

H2

H3
� �4.8b�

y substituting Eq. �4.8� into Eq. �2.5�, a direct relation between
he stress intensity factors k and the H-integral h is obtained as

k = 	2����1 − �R + i����i���H�−1h �4.9�
ote that Eqs. �4.8� and �4.9� are general expressions for the

omputation of the stress intensity factors concerning the most
ritical singular order in which the singular order can be distinct
r repeated, real or complex. The component Hij

� of H� is calcu-
ated through Eq. �4.7b�, which can be proven as follows:

Case 1. When the most critical singular order is a real simple
oot

H11
� � 0 all other Hij

� = 0

Case 2. When the most critical singular order is a real double
oot

Hij
� � 0, j = 1,2 in general; H3j

� = Hj3
� = 0, j = 1,2,3

Case 3. When the most critical singular order is a real triple root

Hij
� � 0, j = 1,2,3 in general �4.10�

Case 4. When the most critical singular order is a pair of com-
lex root

H11
� ,H22

� � 0 all other Hij
� = 0

Case 5. When the most critical singular order is a combination
f one real simple root and one pair of complex root

H11
� ,H22

� ,H33
� � 0 all other Hij

� = 0

rom Eq. �4.7b�, we see that components Hij
� of H� are calculated

hrough the two-dimensional near tip solutions provided in Eq.
2.1� or Eq. �2.6�, whereas through the domain-independent prop-
rty proven in Eq. �4.4� the components Hi of h can be calculated
rom the 3D version of H-integral defined in Eq. �4.5� through any
onvenient path 
 emanating from �0 and terminating on �n in
ounterclockwise direction. When calculating Hi through Eq.
4.5�, u and t of the actual 3D state can be obtained from any

ˆ ˆ

Table 1 Types of singular ord

Singular orders of stre

�

Ex. 1, Ex. 2 �1=0.5 T
Ex. 3 �1=0.4555 S

�2=0.3333 S
�3=0.0915 S

Ex. 4 �1=0.5�0.0855i One pair
and�1=0.5

Ex. 5 �1=0.4667�0.0367i One pair
�2=0.4394 S

Ex. 6 �1=0.4946 S
�2=0.3741 S

Note: KI, KII, and KIII correspond to the opening, shearing, a
ther methods, while u and t of the virtual state is from the 2D
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complementary solution with ĉi=1 and ĉj =0, j� i.
Relation �4.9� tells us that the stress intensity factors k is influ-

enced locally by � and H� and globally by h. In other words, the
corner angles and material properties of the interface corners,
which influence the singular orders, will affect the stress intensity
factors k locally through � and H�, whereas the effects of exter-
nal loads or structural geometry will be reflected through h. For
example, for a center crack or edge crack in homogeneous mate-
rials, their � and H� are the same since their local environments
are the same, while their h is different because their external
geometries are different.

Similar to the stress intensity factors for the most critical sin-
gular order, the stress intensity factors for the lower singular or-
ders defined in Eq. �3.3� can also be calculated through the
domain-independent H-integral derived in Eq. �4.5� and their re-
lations are

k j = 	2�� j��1 − �R
�j� + i��

�j���i��
�j�

�H j
�−1h j �4.11a�

where

H j
� =�

�0

�n

��̂ j�
T���V j��� − V̂ j

T���� j�����d� no summation on j

�4.11b�

5 Numerical Examples
For the interface corners, the near tip solutions which consider

the most critical singular order of stresses and all the lower sin-
gular orders are provided in Eqs. �2.1� and �3.1�, while a three-
dimensional version of the domain-independent H-integral is de-
rived in Eq. �4.5�. To calculate the stress intensity factors defined
in Eqs. �2.3� and �3.3�, a direct relation between the stress inten-
sity factors and the H-integral has been obtained in Eqs. �4.9� and
�4.11�. To illustrate the accuracy and versatility of the present
work for 3D interface corner problems, several numerical ex-
amples are shown in this section such as �i� an elliptical central
crack in a homogeneous isotropic material subjected to remote
tension, �ii� a through-thickness edge crack in a homogeneous
isotropic material subjected to remote tension, �iii� a through-
thickness edge notch in a homogeneous isotropic material sub-
jected to remote tension, �iv� a penny-shaped interface crack be-
tween two dissimilar isotropic materials subjected to remote
tension, �v� a through-thickness interface corner between two dis-
similar materials subjected to remote tension, and �vi� a represen-
tative block of electronic package subjected to tensile loading.
The singular orders and their associated modes of SIF are sorted
in Table 1 for these crack/notch/interface crack/interface corner
problems. Although in this table, all the examples contain full
modes of stress intensity factors KI, KII, and KIII by including the

s and stress intensity factors

s

SIF Crack/cornerype

e root KI, KII, KIII Crack
le root KI Notch
le root KIII

le root KII
complex roots
real root

KI, KII Interface crack
KIII

complex roots KI, KII Interface corner
le root KIII

le root KI, KII Interface corner
le root KIII

earing failure modes, respectively.
er

sse

T

ripl
imp
imp
imp
of
one
of

imp
imp
imp
lower singular orders �2 and/or �3, it should be noted that in our
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umerical experiments there are still some cases of notches and
nterface corners which have only two distinct real simple roots
ssociated with only two modes of stress intensity factors.

In the following examples, to calculate k through Eq. �4.9� or
q. �4.11�, the stresses and displacements of the actual system
eeded in calculating Hi of h from Eq. �4.5� are obtained from the
ommercial finite element software ANSYS. For convenience, the
ntegral domain is chosen to be a surface bounded by a circular
ath emanating from the lower crack/corner surface and terminat-
ng on the upper crack/corner surface, and the normal of this
ntegral surface domain is tangent to the crack front. Moreover,
he surface integral is performed through a two-stage numerical
ine integral �e.g., trapezoidal method or Simpson’s method� with
espect to � and r one by one, i.e., dS=rd�dr. The two-stage line
ntegral means that we perform the integral firstly with respect to

and we can get several results which are scalar functions of r;
hen we proceed to integrate with respect to r and consequently
he surface integral is complete. Because the circular domain is
mployed, the integration paths with respect to � are also selected
o be circular and pass through nodal points in our examples.
ince the numerical output will depend on element meshes and

ntegration paths, the convergent test and domain-independent
tudy were done numerically before performing all the following
xamples. It should be mentioned that although the domain-
ndependent property of H-integral has been proven theoretically
n Sec. 4, when using H-integral to calculate the stress intensity
actors we still have to avoid taking the numerical results overly
lose to the corner tip because of the incorrect stress information
n the neighborhood of the corner tip provided by finite element
nalysis.

To avoid the incorrect stress information near the corner/crack
ip is the main reason why the path-independent integrals play
mportant roles in the computation of fracture parameters. To
how the difficulty of convergence through the conventional ap-
roach via the definition of stress intensity factors, an illustration
s given in example 5 for the typical interface corner problems.

Example 1. An elliptical central crack in a homogeneous iso-
ropic material subjected to remote tension.

First, we discuss an example about an isotropic cylinder with an
lliptical central crack. This example is a conventional 3D crack
roblem whose singular order is a well known number 0.5, which
s a real triple root with three independent eigenfunctions.
hrough relation �4.9�, it can be calculated that

k =
	2�

2 
 0 �21 0

�12 0 0

0 0 �33
�
H11

� H12
� H13

�

H21
� H22

� H23
�

H31
� H32

� H33
� �

−1

�H1

H2

H3
� = �KII

KI

KIII
�
�5.1�

hich shows that in general, no mode of the stress intensity fac-
ors will be lost if only the most critical singular order is consid-
red, and hence it is not necessary to consider the stress intensity
actors for the lower singular orders. In Eq. �5.1�, �ij and Hij

� can
e calculated through Eqs. �2.4� and �4.7b� in which the near tip
olutions ���� ,V��� and their associated complementary solu-

ions �̂��� , V̂��� have been provided in Ref. �1�. Whereas Hi is
alculated through Eq. �4.5� in which u, t, and �i3 are the dis-
lacement, traction, and stress, respectively, of the actual system.
o obtain the data from the actual system and to compare the
esults with the existing analytical solution derived by Irwin �21�,
finite element model of isotropic cylinder with an elliptical cen-

ral crack was constructed and executed using ANSYS. The numeri-
al results of stress intensity factors calculated this way proved the
roperty of domain-independency and the accuracy of the present
ethod since the maximum relative error is below 0.5%, which is

cceptable. �To save the space of this paper, the numerical results

re not shown here.�

ournal of Applied Mechanics
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Example 2. A through-thickness edge crack in a homogeneous
isotropic material subjected to remote tension.

Consider an isotropic rectangular parallelepiped with a through-
thickness edge crack under remote tension. Since the local envi-
ronments of the edge crack and center crack are the same, the
relation for the previous example, Eq. �5.1�, is still valid for the
present example. The difference in these two examples comes
from the external environments, which will be reflected through
the vector h containing the values of H-integral H1, H2, and H3.
With this understanding, a numerical example presented by Li et
al. �22�, Sukumar et al. �23�, and Raju and Newmann �24� for
edge crack has been done for the purpose of comparison and our
results agree with them with difference below 4.03%.

Example 3. A through-thickness edge notch in a homogeneous
isotropic material subjected to remote tension.

In order to accentuate that the proposed approach is not only
applied to the cracked problems but also suitable for the general
corner problems, a through-thickness edge notch in an isotropic
specimen under remote tension is considered in this example �Fig.
5�. The dimensions of the specimen used in this example are as
follows: w=1 mm, h=2w, t=0.7w, and �=90 deg, which are the
half-width, half-height, half-thickness, and notch angle of this
specimen. The surfaces at x3= � t are traction-free. The remote
tension �o is specified as 10 MPa with �=0 deg or �=45 deg.
The Young’s modulus and Poisson’s ratio of this specimen are 210
GPa and 0.3, respectively. For the purpose of comparison, the
boundary conditions set in the analysis are as follows: u3=0 on
the surface x3=0 and u1=u2=0 on the line x1=w and x2=0 to
simulate the situation presented by Ortiz et al. �15�. Note that to
prevent the rotation of the body induced by the inclined tension �o
with �=45 deg, the boundary condition u1=0 is set on two lines
�x1=w and x2=0.0875w� and �x1=w and x2=−0.0875w�.

When using the key matrix provided in Refs. �1,16,17� to solve
the singular orders for the present example, we obtain three dis-
tinct real simple roots, i.e., �=0.4555, ��2�=0.3333, and ��3�

=0.0915, where each root is accompanied with only one real

Fig. 5 A through-thickness edge notch in a homogeneous iso-
tropic material subjected to remote tension
eigenfunction. By Eqs. �4.9� and �4.11�, we obtain
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k = 0.5445�	2�
 0 0 0

�12 0 0

0 0 0
�
1/H11

� 0 0

0 0 0

0 0 0
��H1

H2

H3
� = �0

KI

0
�

k2 = 0.6667�	2�
 0 0 0

0 0 0

�13
�2� 0 0

�
1/H11
��2� 0 0

0 0 0

0 0 0
��H1

�2�

H2
�2�

H3
�2� � = � 0

0

KIII
�

k3 = 0.9085�	2�
�11
�3� 0 0

0 0 0

0 0 0
�
1/H11

��3� 0 0

0 0 0

0 0 0
��H1

�3�

H2
�3�

H3
�3� � = �KII

0

0
�

�5.2�

n which the superscripts �2� and �3� of �ij, Hij
� , and Hi denote the

alues associated with ��2� and ��3�, respectively, while those with-
ut the superscript are the values associated with the most critical
ingular order �.

From Eq. �5.2�, we see that if only the most critical singular
rder is considered, two modes of the stress intensity factors will
e lost and only KI exists no matter what kind of loads is applied
ecause the external loading conditions will influence the results
hrough h only, i.e., Hi, i=1,2 ,3. Table 2 shows the results of KI,

II, and KIII versus x3 for two different loading conditions with the
nclusion of the next two lower singular orders. From this table,
e see that the present results agree well with those presented by
rtiz et al. �15� for the case of �=0 deg. While the results for
=45 deg validate the statement that if only the most critical

ingular order is considered, only KI exists even for the mixed
ode loading condition. That is also the reason we consider the

tress intensity factors associated with the lower singular orders in
his paper.

Example 4. A penny-shaped interface crack between two dis-
imilar isotropic materials subjected to remote tension.

In the last three examples, the cracks or corners are considered
o be located in the homogeneous materials. To show that the
resent study can also deal with the interface cracks or corners,
e consider a penny-shaped interface crack between two dissimi-

ar isotropic materials subjected to remote tension. The analytical
olution of this problem was presented by Kassir and Bregman
25� and Chaudhuri �26� as

KI + iKII = 2�o
	a


�2 + i��

�0.5 + i��

�5.3�

here 
 is the Gamma function, � is the oscillation index, i.e., the
maginary part of the most critical singular order, �o is the applied
ension on the remote ends or the crack surfaces, and a is the
adius of the penny-shaped crack.

Figure 6 is a quarter plot of the cylinder composed of two

Table 2 Stress intensity factors „KI ,KII ,KIII… v
thickness edge notch in a homogeneous isotr

x3
�mm�

KI �MPa mm0.4555�
�KII

�1�=KIII
�1�=0�

�15�
�=0 deg

Present
�=0 deg

Present
�=45 deg

0.1 60.7426 61.6524 43.5633
0.2 60.5156 61.4941 43.4481
0.3 60.2188 61.2071 43.2694
0.4 59.8057 60.6773 42.8787
0.5 58.3217 59.6714 42.1616
0.6 55.1094 57.2572 40.4526

Plane strain 58.1937 41.1658
ifferent materials in which a penny-shaped crack is embedded on
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the interface between materials 1 and 2. The two materials are
both isotropic whose elastic properties are as follows: E
=150 GPa, �=0.3 for material 1 and E=20 GPa, �=0.25 for ma-
terial 2. The radius of the penny-shaped crack, radius of the cyl-
inder cross section, and half height of the cylinder used in this
example are a=0.005 mm, b=10a, and h=10a. The applied re-
mote tension �o is 10 MPa. The boundary conditions used in finite
element analysis are u1=0 on the surface x1=0, u3=0 on the sur-
face x3=0, and u2=0 on the line �=b and x2=0. The singular
orders of this example are calculated as 0.5�0.0855i and 0.5
accompanied with one pair of complex conjugate eigenfunctions
and one real eigenfunction. Because these three singular orders
have the same real part, they are all parts of the most critical
singular order and hence Eq. �4.9� can be written as

k = 	2�
�11 �̄11 0

�12 �̄12 0

0 0 �33

�
�
�0.5 + 0.0855i��0.0855i 0 0

0 �0.5 − 0.0855i��−0.0855i 0

0 0 0.5
�

�
H11
� 0 0

0 H̄11
� 0

0 0 H33
�
�

−1

�H1

H̄1

H3

� = �KII

KI

KIII
� �5.4�

in which the reference length � is selected to be 0.01 mm. From
Eq. �5.4�, we see that no mode will be lost if we merely consider
the most critical singular order in this example. For the present
pure tension case, H1�0 and H3=0.

In addition to the domain-independence proven theoretically in
Eq. �4.4�, to get further evidence for the domain-independence of
H-integral, in this example we choose three different rectangular
paths with wide range as shown in Figure 7. Table 3 shows that
the stress intensity factors calculated through different paths are
almost the same as those calculated by the analytical solution
�5.3�.

Example 5. A through-thickness interface corner between two
dissimilar materials subjected to remote tension.

For the purpose of comparison, the above four examples con-
sider only isotropic materials. To show that the generality of the
present study, which is applicable to any kind of anisotropic ma-
terials in this example, we consider the 3D interface corner be-
tween one isotropic material and one orthotropic material. Figure
8 is a schematic diagram of the present example in which d
=5 mm, W /d=3, h /W=1 /15, t /W=2, L /W=6.0, �=30 deg, and
��=10 MPa where x3= � t /2 are the free surfaces. The material
above the interface is isotropic whose elastic properties are E

us the corner front location x3 for a through-
ic material subjected to remote tension

KII �MPa mm0.0915�
�KI

�2�=KIII
�2�=0�

KIII �MPa mm0.3333�
�KI

�3�=KII
�3�=0�

Present
�=0 deg

Present
�=45 deg

Present
�=0 deg

Present
�=45 deg

0 	146.1639 0 	1.7789
0 	146.7951 0 	3.7520
0 	148.1272 0 	6.1410
0 	150.3025 0 	9.2417
0 	153.8029 0 	13.5589
0 	160.1900 0 	20.1721
0 	153.3050 0 0
ers
op
=10 GPa, �=0.2, while the other portion is orthotropic whose
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lastic properties are E11=134.45 GPa, E22=E33=11.03 GPa,
12=G13=5.84 GPa, G23=2.98 GPa, �12=�13=0.301, and �23
0.49. The boundary conditions used in the analysis are u1=0 on

he surface x1=d, u2=0 on the surface x2=−L /2, and u3=0 on the
urface x3=0. The singular orders of this example are obtained as
.4667�0.0367i and 0.4394 accompanied with one pair of com-
lex conjugate eigenfunctions and one real eigenfunction. Be-
ause the real part of the complex singular order is higher than the
eal singular order, 0.4667�0.0367i will be treated as the most
ritical singular order. To compute their associated stress intensity

ig. 6 A penny-shaped interface crack between two dissimilar
sotropic materials subjected to remote tension
actors, we use Eqs. �4.9� and �4.11� which can be shown as
k = 	2�
�11 �̄11 0

�12 �̄12 0

0 0 0
�
�0 . 5333 + 0 . 0367i��0.0367i 0 0

0 �0 . 5333 − 0 . 0367i��−0.0367i 0

0 0 0
�
1/H11

� 0 0

0 1/H̄11
� 0

0 0 0
��H1

�1�

H̄1
�1�

H3
�1� � = �KII

KI

0
�

k2 = 0.5606�	2�
 0 0 0

0 0 0

�13
�2� 0 0

�
1/H11
��2� 0 0

0 0 0

0 0 0
��H1

�2�

H2
�2�

H3
�2� � = � 0

0

KIII
� �5.5�

Table 3 Stress intensity factors of a penny-shaped interface crack

A1 A2 A3 A4
KI

�MPa mm0.5�
KII

�MPa mm0.5�
KIII

�MPa mm0.5�

Path 1 0.4a 0.4a 0.4a 0.4a 0.790268 0.161250 0
Path 2 0.6a 2a 2a 2a 0.793557 0.165903 0
Path 3 0.8a 5a 5a 5a 0.789795 0.167781 0
Eq. �5.3� 0.793788 0.162894 –
ournal of Applied Mechanics
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Fig. 7 „a… Three rectangular integral domains for a penny-
shaped interface crack and „b… dimensions of the integral
domains
MAY 2010, Vol. 77 / 031020-9
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n which the reference length � is selected to be 10 mm.
From Eq. �5.5�, we see that if only the most critical singular

rder is considered mode III stress intensity factor will be lost no
atter what kind of loading is applied, which will then be picked

p by considering the next higher singular order. Figure 9 shows
he results of KI, KII, and KIII versus x3 / t for the present example.
rom this result we see that the stress intensity factors in the inner
art of the interface corner will approach to certain constant val-

ig. 8 A through-thickness interface corner between two dis-
imilar materials subjected to remote tension

Fig. 10 Stress intensity factors for a through-thickness inte

and „3.3…: „a… KI, „b… KII, and „c…KIII

31020-10 / Vol. 77, MAY 2010
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ues not far away from those of the corresponding plane strain
problems discussed in Ref. �1�, which is acceptable from the en-
gineering viewpoint.

While the advantage of path-independent integrals for crack
problems has been shown in the literature for a long time, rela-
tively few examples have been presented for three-dimensional
interface corners. Since the domain-independent characteristics of
H-integral has been proven theoretically in Sec. 4 and numerically
in example 4, all the numerical solutions given in this paper are
presented without any convergent difficulties. To show the advan-
tage of the present H-integral, the following are the results ob-
tained through the conventional approach, i.e., calculated via defi-

Fig. 9 Stress intensity factors for a through-thickness inter-
face corner between two dissimilar materials subjected to re-
mote tension

ce corner calculated directly from the definitions, Eqs. „2.3…
rfa
Transactions of the ASME
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ition �2.3� or �3.3�, which will then encounter the convergent
ifficulty. Figures 10�a�–10�c� are plots of stress intensity factors
I, KII, and KIII versus the distance to the corner tip r /h. From

hese figures, we see that the values of stress intensity factors
ecome unstable and cannot be convergent to a definite value, and
ence it is really difficult to terminate the approaching of r to
ero. This problem is due to the complexity and infinity of stresses
ear the interface corners, which can be avoided in the calculation
hrough H-integral by using the path away from the corner tip.

Example 6. A representative block of electronic package sub-
ected to tensile loading.

For the purpose of giving a good connection between the
resent method and the real engineering problem, a representative
lock of electronic package is discussed in this example. Figure
1 is a quarter plot of the representative block in which the inter-
ace corner between the solder ball and BT substrate is analyzed
o discuss the effect of the radius of solder ball �B1� on the stress
ntensity factors. The dimensions of each portion are also shown
n Fig. 11 in which B2=0.8�B1 and B3=0.6�B1. This discussion
s helpful to realize the relevancy between the radius of solder ball
nd the reliability of electronic package. The boundary and load-
ng conditions are the entire bottom of the block is clamped and
he entire top is subjected to �o=10 MPa. The properties of each
onstitutive material are assumed to be linear elastic and listed in
able 4. The singular orders are obtained as �1=0.4946 and �2
0.3741, and each one is accompanied with only one real eigen-

unction. By using Eqs. �4.9� and �4.11�, we get

k = 0.5054�	2�
�11 0 0

�12 0 0 �
1/H11
� 0 0

0 0 0 ��H1

H2 � = �KII

KI �

ig. 11 A representative block of electronic package and the
imensions of each portion
0 0 0 0 0 0 H3 0

ournal of Applied Mechanics
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k2 = 0.6259�	2�
 0 0 0

0 0 0

�13
�2� 0 0

�
1/H11
��2� 0 0

0 0 0

0 0 0
��H1

�2�

H2
�2�

H3
�2� � = � 0

0

KIII
�

�5.6�
From Eq. �5.6�, we see that if only the most critical singular order
is considered the mode III stress intensity factor will be lost. The
mode III stress intensity factor will be obtained only when the
next higher singular order is taken into account. However, the
values of KIII on the entire crack front are equal to zero because of
the axially symmetric properties of this example �i.e., H1

�2�=0�.
Table 5 lists the trends of stress intensity factors versus radii of
solder balls from which we see that under the same loading and
boundary conditions the stress intensity factors will decrease
when the size of solder ball increases.

6 Conclusions
In this paper, the importance of the lower singular orders is

illustrated and a newly modified domain-independent H-integral is
proposed for three-dimensional interface corner problems. The
proposed definition for the multi-order stress intensity factors and
the three-dimensional version of H-integral are valid for cracks,
interface cracks, corners, and interface corners. The related mate-
rials can be any kind of anisotropic materials including the degen-
erate materials such as the isotropic materials. The most critical
singular orders induced by different combinations of interface cor-
ners can be a real simple root, a real double root, a real triple root,
a pair of complex conjugates, or a real simple root combined with
a pair of complex conjugates, etc. Similarly, the lower singular
orders can also have any different kinds of combinations. Even
several different kinds of combinations are considered in the
present paper, all the stress intensity factors can be determined
directly through the relation shown in Eq. �4.9�. In this simple
relation, � and H� are determined through the near tip solution
and its associated complementary solution, and hence will reflect
the local behavior of the interface corners; whereas h containing
the values of 3D H-integral will then reflect the effects of external
loading and structural geometry. Therefore, through the contents
of these matrices it is helpful for us to understand the details of
multi-order stress intensity factors for the general three-
dimensional interface corners. Detailed discussions for several
different kinds of problems have been presented in our numerical
examples, which show that our proposed approach is not only
versatile but also efficient and accurate.

Table 4 Material properties of the representative electronic
package block

Materials
Young’s modulus

�GPa� Poisson’s ratio

EMC 16 0.25
Silicon die 131 0.3
BT substrate 26 0.11
Solder ball 10.375 0.4
FR-4 PCB 22 0.11

Table 5 Stress intensity factors versus radii of solder ball

KI
�MPa mm0.4946�

KII
�MPa mm0.4946�

KIII
�MPa mm0.3741�

B1=0.30 mm 71.8297 	19.5833 0
B1=0.45 mm 38.5033 	10.4973 0
B1=0.60 mm 24.6453 	6.7192 0
B1=0.75 mm 17.4269 	4.7512 0
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